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Abstract

(n)
If X is a sequence of semimartingales, converging to a semimartingale

(n)(n)
X, and such that [ X, X ] converges to [X,X], then all higher order variations

(n)
and all the iterated integrals of X converge jointly to the respective

functionals of X.wI
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1. Introduction

(n)
A. Let X t  be a sequence of semimartingales, with tE [0,1], such that

(n)
(I.1) x x,

where X is a semimartingale, and WO denotes weak convergence on D[OI]

with respect to the Jj-Skorohod topology.

-We investigate thelconvergence of the variations, iterated integrals

(n)
and Dolans Dade exponentials.of X , which are defined as follows: For Y

a semimartingale, /

r Y for k= 1
t

(1.2) V k(Y) = [YY]t = <YY> t+ 2 (AY s) for k= 2
k t tt( ~ (AY) for k >t3

sst

Y for k-
t

(1.3) k (Y)t t
rI (Y)s dY for k 2

(4E ) Ik-l s

(1.4) E(XY) exp[XY - RY t:(XAYs
t t T ts_<t

2
x

where f(x) = (1+x)e 2

Vk(Y), I4(Y) and EAY)- are called respectively the variations, the

iterated integrals and the Doleans-Dade exponential of the semimartingale Y.

It is known that Vk,Ik and E are well defined for any semimartingale Y (see

Meyer, 1976). These quantities are important in the theory of multiple

integration with respect to Y
(n) [nt] t

B. When Xt = l X i,n with Xi,n a triangular array, then

i-I i~l i~nes

(n) [nt] k .iV( X )t =  xk ' ;OCd
k i,n.

Vk~~~~x3 c ~ in

V... . - . . . . . ..
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(n)

Ik ( t 1 ,nn t
Ik( )t <il<...<ik<[nt] Y1n "" ik9n

1If**<k-ill
and (n) [nt] [nt] k (n)

E(X X )t= 1 (l+XXin) = k I X )
i=l 1 k=O k.

The problem of the convergence of these "moments", "symmetric statistics",

and generating function of the symmetric statistics have been studied in

[1],[3-5],17], and [91.

C. From formula 41.1 of Meyer (1976), it follows that in the semimartingale

context, just like in the discrete deterministic case, Ik, k=,..., m and

Vk, k=l,.... m can be represented as polynomials of n variables in one

another (the Newton polynomials which relate sums of powers to the sums of

products). Thus, the issue of the joint convergence of I k=1i..., m,

and that of the convergence of Vk, k= I,..., m, are equivalent.
(n) WOO (n)(n)

D. X X does not imply in general [X, X1 [X,X], as the follow-

ing deterministic example from Jacod (1983) shows:

2 2(n) [n t] ()k n n inXn ut (- - * t. -
X = n converges uniformly to 0, but IX,XI -' t.

k1l k1l n

E. However, the following result holds:

Theorem I: The following three statements are equivalent.

(n) n n ( I
(1.5) ( X, [XX]) nXI - XX

(1.6).-V 1( (n) (n) w() V(X) V(X)) Vm>2,

." (1.6) (VI( X ),..., V ( X ))-±_ o1 (

(n) (n) w(J) I (X), Ir (X)), Vm 2.

They also imply:

(n) w(J1)
(1.8) E(X X ) EXX), V\.

¢ ',, ~~~~~~... .. ...... .--, • ...................- •.......'.....S-?-
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Corollary: If
l>(n) w(JJ)

(1. 9) x >x

and the condition of Jacod (1983) holds:

(1.10) lim sup P{Var(B hn)1 >b} = 0
b-o n-o

h~n
(where h is a truncation function and (Bh'n) is the previsible projection

t
n

of the truncated semimartingale X), then (1.5), (1.6), (1.7) and (1.8) hold.

Proof: cf. Jacod (1983), Theorem 5.1.1, (1.9) and (1.10) imply (1.5).

2. Proofs

Introduce the following notation: For any real number x,

'" >a,'-'"x := x'l{x 1>a}

x X.1

We establish now the following:
(n)

Lemma 1: a) Suppose X are semimartingales such that

(n)(n)

(2.1) lim lim PQ X, X ]>b} 0,
b-~ n-o

2
and let f(x) be any real function such that f(x)=o(x2), as x-0. Then,

for all c,

(2.2) lim lim P{ f jf(AX-a) c = 0.
a- 0 n- s<l

(n) w(J1 )
b) If the assumptions of a) hold, X - X and f is a continuous,

vector valued function, then:

L" ~(n) w( )

(2.3) [ f(A X ) WO f(AX ).
s7t s<t

..
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(n) (n) 2 
o

Proof: a) Note first that Estf(A Xs)j<, since AX < Let now

g(a) =sUplxl5salf(X)I/X -2 . Then,

If(A(n)<{ (A (n) <a 2
rfI I. X5 s I : 5P AX ) g(a) > E} .s<1  s<l

(n)(n)
P{[ x, x > c/g(a)}.

Since g(a)-0, (2.2) follows from (2.1)..5-

b) Let U(X)= {u>0 :P{IAX j0u, for all t}=0}. U(X) is dense in R+. For

any aE U(X), and f continuous, the functional

S(z) f(AZ>a)Sf = ! s ;
s t

(n) w( )
is J, continuous a.s. (dist (X)). Thus, X w(J1 ) X implies for aE U(X)

(n)

ff

Also,

a.s. (J 1 ) . Sf(X)S >X t (X) " ts X
s-<t .f'

The result follows now by (2.2) and Theorem 4.2 of Billingsley (1968).

* Proof of Theorem 1:

By Lemma lb, we have (1.5)1 (1.6), and in fact the same type of argu-

ment yields (1.5)-> (1.8), as follows: Assume for convenience X=I and

IE U(X), let
2

f(x) = n(+x) x {Ixll
i "

and let T :D -I D be defined by:

€ >I >I _1sl } ;

T(Z) := TI e(AZ +) = r (I+AZ )exp{-AZ + (AZ > 1 .

s!t <t  s s 2

.- -. * -" . - . .. . . . . . . ...." - . - -- - . . .--. - - . v i. - .--.- *. . -- " .-. - . -. . . .. _ . . .. . . . . . . . . ..



Since the Do1e'ans-Dade exponential

EXt=exp{x t - 2 [X X]I + f[/X T(X) t
s tt

it remains only to note that the functional:

X a:D 2)[0,1] -~ D ()[0,1]

Is continuous a.s., if both spaces are endowed with the respective J1 topo-

*logies. Letting then a -0, as in the proof of Lemma 1, one gets:

* ((n), (n)(n) f(n)< ~ £( (n)>
, X X t 9 x( X-), R 'eAX>))

s<-t s~t

>(J) [1x'x f(AX R II(AX >)
t 5 5s~t s!- t

2 2
*since enl+ x) -x + =o(x ), and since (1.5) implies (2.1). Finally,

* applying the continuous functional

(4)

P D [0,1] D[0,1]'

O(Z19 Z ,Z , exp[Z -Z + Z Iz
l2394 1 2 2 3 4

* we get that
(n) ()

E(X X ) -4')E(XX).

*Since (1.6) is equivalent to (1.7) (by the use of the polynomial mapping),

* and (1.6) trivially implies (1.5), Theorem I is proved.
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